Lecture 17

Mechanical impedance
Examples

References:
Hirose Ch.6 (6.4)
or:
Lecture notes

Incomplete reflection

Reflection at a free boundary and reflection at a fixed boundary are two ideal cases. In
either case, reflection is complete in a sense that all energy associated with an incident
wave is reflected. In practice complete reflection rarely happens.

Traveling mechanical waves can be expressed by the general function:
X(x,t) =f(x£c,t)
Force is proportional to the space derivative of the wave function.
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Inastring: F=-Tanqg=- Tﬂ— (transverse wave)
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For a transmission line: F = - K ﬂ— Dx =- Kﬂ— (longitudinal wave)
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Velocity wave is given by: V = iCWf (x+c,t)

If we combine force and velocity:

E:- (T+OI'K) :im

c, = ,(T or K)
Iy



We define Z (mechanical impedance) as:

Z=,/(TorK)r,

i"+" for forward - going waves
F=x2vj _
1"-"for backward - going waves

T is tension for transverse waves; K is the elastic modulus for longitudinal waves

In mechanical waves the force F(x, t) and the velocity v(x, t) are
always proportional to each other

Connection between two media

To illustrate incomplete reflection, we consider two strings with different mass densities
r, and r, both subject to a common tension T. The velocities of transverse waves on
each string are ¢, and c,.

At the connection between two media:

x=0
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SUCR ) s

The energy flow associated with a sinusoidal wavetrain with amplitude x, and frequency
w = 2pn along a string with mass density r | is given by:

E=c d—E=£crwzx2
dt Wgx/ 2 W 70

We asume that the incident wave has an amplitude x;, the reflected wave x, and the
transmitted x, , respectively. The energy flow and the direction (little arrow) associated
with:

1
- the incident wave is: Eclr 1W2X12 ®




1
- the reflected wave: Eclr 1W2Xr2 -

1
- the transmitted wave: Eczr Z\NZX% ®

From the principle of energy conservation, we must have:
1 1 1
Eclr 1\/\/2Xf - Eclr 1\/\/2X,? = ECzr 2VV2X%

or:

2 o2\ _ 2
Cir1(X{ = XF) =T ,CX%5

The displacement at the boundary has to be continuous which means:

(X +Xr) =X,
The two simultaneous equations above allow x; and X, to be calculated:
Solving these, we find:

rT-4r,T
X, =2 Z_x, and:
Jr T +4r,T
r,T
Xy = X1
rr+roT
which can be re-written by using the mechanical impedance of each medium:
Z,-Z
X, =—+——2%, and:
Z1+2Z,
27,
Xo =——Xq
Zy+2Z,

The condition for the absence of wave reflection at a boundary between
two mediais that the impedance of the media be the same

We can calculate now, for instance, the fraction of reflected wave energy:
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o, O - 7,0

X1 9 21+7Z; 4

where [(Z1 - Z2)/I(Z1 + Z2)]% is the coefficient of reflection.



